Physics of the Interaction of Electrons with Matter
For beta-ray transport calculations as well as to develop corrections to experimental results, it is necessary to have information on electron stopping powers, ranges, and scattering cross sections. The basic interactions that govern the passage of electrons through matter are reviewed in a number of texts and articles, including those of Evans (1955) , Rossi (1952) , Bethe and Ashkin (1953) , Birkhoff (1958) , Berger (1963) , Zerby and Keller (1967) . The predominant interactions of electrons with atoms are through Coulomb collisions. These can be separated into those that are inelastic, primarily resulting in energy loss and the production of secondary radiation, and those that are elastic, resulting only in a change of direction for the incident electron. Pertinent quantities which describe these processes are outlined in the remainder of this Section. ICRU Report 37 (lCRU, 1984b) discusses in some detail the stopping power of negatrons and positrons. The total stopping power is customarily separated into two components: (a) the collision stopping power, which is the average energy loss per unit pathlength due to inelastic Coulomb collisions with bound atomic electrons resulting in ionization and excitation; and (b) the radiative stopping power, which is the average energy loss per unit pathlength due to the emission of bremsstrahlung in the field ofthe atomic nucleus and the atomic electrons. The linear stopping powers, with dimension of energyi1ength, are denoted as Seol for the collision stopping power and as Srad for the radiative stopping power. It is convenient to consider the mass stopping powers, Seoll P and Sradl p, where pis the density of the medium. This scaling removes the dependence on the density, except for a small residual dependence in Seod p due mainly to effects associated with the polarization of the medium. The total mass stopping power will be denoted as Sip.
Inelastic Interactions: Energy Loss

Collision Stopping Power
The following is a summary based on the material given in ICRU Report 37. Ifwe denote as dOln/dWthe differential cross section for the transfer of energy W from the incident particle to an atomic electron, the mass collision stopping power for an elemental material can be written as (5.1) where N is the number of atoms per gram of the medium, Z is the atomic number and W m is the largest possible energy transfer. The quantity N = N AlMA = (uA)-I, where NA = 6.022045 X 10 23 mol-1 is the Avogadro constant, MA is the molar mass in g mol-I, A is the relative atomic mass, and u = 1.6605655 X 10-24 gis the atomic mass unit (1/12 of the mass of an atom of 12C).
The evaluation of Equation (5.1) is based on the results of Bethe theory (Bethe, 1930 (Bethe, , 1932 (Bethe, , 1933 . Energy transfers that are smaller than some cutoff value We (assumed large compared to atomic binding energies) are considered separately from those that are larger. The small energy transfers are associated with impact parameters large compared to atomic dimensions (distant collisions), and the large energy transfers are associated with small impact parameters (close collisions). The mass collision stopping power is then expressed as the sum of two components:
For the distant collisions,
where re is the classical electron radius, mec2 is the electron rest energy, ~ is the velocity of the incident particle divided by the velocity of light, I is the mean excitation energy of the medium, and where inclusion of the density-effect correction 0 accounts for the reduction of the collision stopping power due to the polarization of the medium by the passing charge (see, e.g., Sternheimer, 1952) .
For close collisions, the atomic electrons are assumed free and at rest. Then
where W m is the largest energy transfer possible. For incident negatrons, the close collisions are governed by the MS'lller (1932) cross section:
where T = Elmec2 is the kinetic energy E of the incident particle in units of its rest energy. The MS'lller cross section goes beyond the classical Ruther-ford result (the leading term in Equation (5.5)) and includes relativistic and spin effects, as well as exchange effects that result from the indistinguishability of the incident and target electrons. By convention, the stopping power is calculated for the faster of two emerging electrons, and W m is taken to be E /2.
The cross section for positrons incident on an electron at rest has been obtained by Bhabha (1936) , whose result can be written ;t (5.6) where -CB (;r r 1 -2( 7: 1) (;) l} ,
There are no exchange effects for positron-negatron collisions, so W m = E. After integration according to Equation (5.4), and using Equations (5.2) and (5.3), the collision stopping power can be written where Wj is the fraction by weight, Zj the atomic number and Aj the relative atomic mass of the j'th constituent.
The mean excitation energy, I, and the densityeffect correction B are non-trivial parameters in the stopping-power formula. As discussed in ICRU Report 37 (ICRU, 1984b) , the values for these parameters are determined for the medium taking into account the chemical and physical state of aggregation; we follow the recommendations in that Report. Values of the mean excitation energy for some materials of interest in beta-ray dosimetry are given in Table  Al of Appendix A The density-effect correction, B, is a function of the particle momentum as well as of the dielectric properties and density of the medium, such that B-values are small or zero at low energies and become larger with increasing energy.
The limitations and uncertainties associated with the use of Bethe stopping power theory have been discussed in ICRU Report 37.
Collision Energy-Loss Straggling
An electron traversing some distance in matter loses energy in numerous collisions along its track. As implied by the W-2 behavior of the leading (Rutherford) term in the close-collision energy-transfer cross sections given in Equations (5.5) and (5.6), the most probable energy loss in each collision is small. Although the average total energy lost along a path of length s is Llay = s8 co ], there is a distribution of possible total energy losses Ll that results from the fluctuations in the individual losses. This energy-loss distribution, produced by multiple scattering, is given by a straggling function feLl,s) which is not symmetric about Llay, and peaks at a value Llp smaller than Ll ay .
Williams (1929) evaluated the straggling function by first describing with a Gaussian distribution the combined energy loss from individual collisions with energy losses smaller than a cut-off value f Williams chose ~ such that an average of one collision with an energy loss greater than ~ occurs along the pathlength s. The probability of n collisions with energy losses greater than ~ is given by the Poisson distribution, and the energy-loss spectrum for each individual collision is governed by the single-scattering cross section. The straggling function is then obtained from a series of convolutions, beginning with the Gaussian distribution and successively including the distribution of the n = 1,2, ... large energy losses. Landau (1944) developed an analytical treatment, based on a solution of the one-velocity problem with the use of the Rutherford nonrelativistic energy-loss cross section. By allowing the maximum energy transfer to extend to infinity (justified by the rapid fall-off ofW-2), Landau obtained the energy loss distribution (straggling function) in terms of a universal function of a single, scaled variable: (5.12) and ~, the same cut-off energy used by Williams, is given by (5.13) with sin g cm-2 . An accurate table of 4>(A) can be found in Borsch-Supan (1961) . The function peaks at a value of Ap = -0.2225. Because no limit was imposed on the maximum energy losses, the mean of the Landau distribution is inherently without bound. The correct mean can, however, be imposed by the suitable truncation of 4>(A) (see, e.g., Seltzer, 1991) .
When considering the penetration of electrons through thin foils, it may be desirable to have some knowledge of the most-probable energy loss. Converting Ap to the most-probable energy loss Llp, one finds The quantity B in Equation (5.14) is simply that in the curly brackets of Equation (5.7), and is often referred to as the stopping number. Note that the ratio Llp/ Ll av has a logarithmic dependence on the pathlength s. Rohrlich and Carlson (1954) obtained corrections to the Landau distribution that take into account the departures from Rutherford scattering included in the M011er and Bhabha cross sections. Their results indicate that only a very small change is expected for the estimate of the most-probable loss.
Landau's straggling theory applies when ~> > I. Blunck and Liesegang (1950) introduced a correction for electron binding that is applied by convoluting the Landau distribution with a Gaussian distribution. The Blunck-Liesegang correction becomes larger as s (and hence ~) becomes smaller. Chechin and Ermilova (1976) have shown that the Blunck-Liesegang correction is valid only over a limited range, and that its use extends the applicability of Landau's theory to only slightly smaller pathlengths.
Transport of Energy by Secondary Radiation Produced in Ionization Events
A large portion of the energy transfers result in ionization of the target atom or molecule. The more energetic secondary knock-on electrons carry energy away from the vicinity of the collision to be deposited elsewhere. The accurate determination of the spatial distribution of energy deposition requires a transport calculation. However, for some applications, an approximate estimate of the amount of collision energy loss that is absorbed locally is obtained through the use of the restricted collision stopping power (lCRU, 1970) . A cut-off energy Ll (not to be confused here with the variable used in the straggling function) is chosen for the problem under consideration such that the range of an electron of energy Ll roughly specifies the dimension of the region within which energy is considered to be locally absorbed. The restricted stopping power, usually denoted as L::,., is obtained by replacing the upper limit Will of the integral over energy transfer in Equation (5.4) with Ll (with the obvious restriction that Ll cannot be larger than Will nor smaller than We). The resultant formulas for the restricted collision stopping power can be found in ICRU Report 37 (lCRU, 1984b) .
The fluorescence x rays and Auger electrons emitted after ionizations may have sufficient energy for significant penetration away from the ionization site, particularly for inner-shell events in high-Z atoms. This is not a,problem in the low-Z media of usual concern in beta-ray dosimetry, but the production of fluorescence x rays in the source material and the encapsulation material that comprise calibration sources could be a consideration. There is a large literature on the electron-impact ionization cross section. Powell (1976) reviewed the cross section over a range of incident negatron energies from about 4 to 30 times the binding energy of the target atomic electron. Some general calculations of the ionization cross section used in recent transport calculations include the work of Gryzinski (1965), Kolbenstvedt (1967 ), Scofield (1978 ), Seltzer (1988a , 1993b ), and Perkins et al. (1991a . The fluorescence yield w, roughly defined as the probability that the vacancy created by the ionization is filled by a radiative transition, is the subject of a review by Bambynek et al. (1972) . A more current bibliography and recommendations of inner-shell values are given by Hubbell (1989) . His recommended values have been used by Perkins et al. (1991b) and Cullen (1992) for normalization in the synthesis of theoretically-derived transition rates to obtain comprehensive information on the yields from a vacancy in any sub-shell of atoms with Z from 1 to 100.
Radiative Stopping Power
The evaluation of the radiative stopping power has been described in ICRU Report 37 (1984b). Bremsstrahlung production from interactions with the screened field of the atomic nucleus and with the screened field of the atomic electrons was considered separately, relying on the synthesis of the best available theoretical information developed for the average energy of the emitted bremsstrahlung photon. The synthesis was repeated by Seltzer and Berger (1985, 1986) to develop a consistent data set for the bremsstrahlung production cross section differential in emitted photon energy. Integration of these differential cross sections gives values for the radiative stopping powers that are very slightly different (by a fraction of 1 %) from those in ICRU Report 37. These later values were used in ICRU Report 44 (1989) and are used in the present report (Appendix B). These differences are unimportant but are mentioned to avoid possible confusion provoked by the presentation of results to three or four significant figures.
Bremsstrahlung production by beta particles in low-Z media is relatively unimportant. Less than about 1 % of the initial kinetic energy in even the most energetic spectrum is converted to bremsstrahlung energy as the beta particles slow to rest in tissue-like media. The bremsstrahlung produced in the source and encapsulation material of calibration sources could, however, represent an additional radiation source that might need to be taken into account.
Range
In the continuous-slowing-down approximation (CSDA), energy-loss fluctuations are neglected, and the negatron or positron is assumed to lose energy along its track according to the mean energy loss per unit pathlength given by the stopping power. The CSDA range for an electron of initial kinetic energy Eo slowing down to rest is then evaluated according to
(5.17)
Bethe stopping-power theory is not adequate for use at low energies in the evaluation of the integral in Equation (5.17). As discussed in ICRU Report 37, numerical integration using Bethe theory is done over energies down to 1 keV, below which a simple approximation is used. The CSDA range is a measure of the total pathlength traveled in the course of slowing down, and should not be confused with penetration depth. Values of stopping powers and ranges for materials of interest in beta-ray dosimetry are given in Appendix B. These include a number of materials not given in the more comprehensive tables of ICRU Report 37 (lCRU 1984b).
Elastic Scattering
Single Scattering
Theoretical expressions for the electron elasticscattering cross section dUel / d!2 have been reviewed by Motz et al. (1964) . The most accurate method to calculate the cross section is by a phase-shift analysis based on the numerical solution of the Dirac equation for an electron in the screened Coulomb potential of the atom. Such a calculation has been developed by Riley (1974) , and used with relativistic wave functions by Riley et al. (1975) to calculate the cross section for negatrons at selected energies between 1 and 256 ke V. Using the Riley code, a more comprehensive data set has been calculated for negatrons and positrons with energies between 1 and 1024 keV, for atoms with Z from 1 to 100, based on the use of Hartree-Fock wave functions (Berger and Wang, 1988; Berger et al., 1993) .
At high energies, the single-scattering cross section (per atom) can be approximated as the product of three factors:
The first factor is the nonrelativistic Rutherford cross section for the unscreened Coulomb potential, where a is the fine-structure constant (-1/137). The third factor, K reh takes into account spin and relativistic effects, and is equal to the ratio of the Mott (1929) cross section to the Rutherford cross section. Values of K re1 can be found in Doggett and Spencer (1956) .
Such a factorization fails when there is significant overlap between the screening and the spin and relativistic corrections. Zeitler and Olsen (1964) estimate that for electron scattering, the relative error due to overlap is of the order 2a 2 Z4/3(1 + 1/7)/( T + 2).
Thus, errors greater than of the order of 10% are expected only at energies below 0.3 Z413 keV, indicating that the use of the factored cross section should be reliable down to about 10 keV for Z below about 13.
The contribution from the effects of inelastic scattering by the atomic electrons is often accounted for by replacing Z2 with Z(Z + 1) in the Rutherford cross section, Equation (5.19) . Fano (1954) , in the context of Moliere multiple-scattering theory, considered the differences in the screening effects for the nucleus and for the orbital electrons and obtained a further correction. Spencer (1955) applied Fano's correction directly to the single-scattering cross section. In this case, one, instead, replaces Z2 with Z(Z + <;) and finds that <; is larger than unity by 10-20% for an incident electron energy of 20 MeV, 15-30% at 2 MeV, and 20-60% at 0.2 MeV, as the value of Z is varied from low to high.
The use of a single parameter, the screening angle, to describe screening effects fails to give accurate results for the single-scattering cross section at very small angles. As pointed out by Bethe (1953) , however, the screening angle is sufficient for the determination of the transport (or momentum-transfer) cross section f +l dO"el O"t = 2'1T -1 (1 -cos e) dD d(cos e), (5.22) which governs the multiple-elastic-scattering process.
Multiple Scattering
Various analytical theories of multiple elastic scattering have been developed, most of which are mentioned in the review by Scott (1963) . Most frequently encountered are, perhaps, (a) the Gaussian approximation, (b) Moliere theory, and (c) Goudsmit-Saunderson theory. The first two are based on the small-angle approximation in which sine;::: e; the Goudsmit-Saunderson distribution is not.
Small-angle Approximation for Single Scattering. If spin and relativistic effects are ignored in Equation x l '
(1 -cos e + 2" Ya)2
where Z2 has been replaced by Z(Z + 1) to approximately account for the effects of scattering also from the atomic electrons. In the small-angle approximation, the probability per unit pathlength reduces to 4'1Tl"; Z(Z + 1) N dO"el ;::: ----;;-A (5.24)
Gaussian Approximation. If consideration is restricted to the many small individual deflections, statistical arguments lead to a Gaussian distribution of net angular deflections. The mean square angular deflection per unit pathlength can be obtained from the small-angle result of Equation (5.24) in much the same way as suggested by Rossi (1952) :
This has been called the mass scattering power in analogy with the mass stopping power; our result is similar to that given in ICRU Report 35 (1984a), but based on a somewhat different choice of screening angle. The multiple-scattering angular distribution, i.e., the distribution of net angular deflections {} associated with a pathlength s, is then the Gaussian FG(~, s) ~d~ = (~) exp r -(:)J ~d~, (5.26) where the mean square deflection angle is fS d( lP) (lP) = J o ds' ds'.
( 5.27) The integral over pathlength in Equation (5.27) can-under the assumption of continuous-slowingdown-be converted to one over energy by the substitution of ds' with pdE' /S(E'). The results from the Gaussian approximation are not considered very accurate, particularly for light particles such as electrons.
Moliere Theory. Moliere (1948) obtained the multiple-scattering angular distribution using the singlescattering cross section, Equation ( The factor C F in Equation (5.32) is an additional correction, beyond replacing Z2 with Z(Z + 1), obtained by Fano (1954) to account for the contribution from the effects of inelastic scattering of the electron. Due to the approximations made in deriving his results, Moliere regarded 4.5 as the lowest value ofB M for which his theory was valid. The functions fJ\ e) and f~)(e) have been evaluated by Moliere (1948) and by Bethe (1953) . These functions for order higher than 2 are necessary to obtain the distribution to better than 1-2% only when BM :$ 6. From his investigation on the relationship between the theory of Moliere and that of Goudsmit and Saunderson, Bethe (1953) recommends that the Moliere result Equation (5.28) be multiplied by (sin itjit)l/2.
Goudsmit-Saunderson Theory
The exact angular distribution has been derived by Goudsmit and Saunderson (1940) The advantages of the Goudsmit-Saunderson distribution are that (a) there is no restriction on the magnitude of the angular deflections; (b) there is no restriction, at least formally, on the size of the pathlength; and (c) it can be evaluated with any single-scattering cross section. Thus, one can use accurate values of the cross section from Equation (5.18) or those from numerical phase-shift calculations, and take into account the predicted differences in the scattering of negatrons and positrons. Berger (1991) and Seltzer (1991) give some examples of negatron-positron differences.
The disadvantage of Goudsmit-Saunderson theory lies in the fact that the numerical evaluation of the distribution must be done each time it is needed, and convergence requires a fairly large number of terms. For the factored cross section given by Equation (5.18), recursion relations developed by Spencer (1955, 1959) and outlined by Berger (1963) greatly facilitate the evaluation of the G/s, but the calculation of the distribution is still relatively time-consuming.
